
798 J. SPACECRAFT VOL. 8, NO. 7

100

x 90
3

FLOX/CH4
MR - 5.7

- FLOX/CH|,/ETHANE
MR - 5.33

90

Fig. 6 Comparison of mixing limited C* performance as a
function of mixing uniformity for several propellant com-

binations.

relationship for Em and mixing-limited c* efficiency defined,
then, for any desired propellant combination, the Em required
to obtain a specified c* efficiency can be analytically deter-
mined.

We must define the allowable range in MR. The major
portion of the spray from typical injectors lies in the range
0.1 < MR < 100. Utilizing this result, the relationship be-
tween variables of Eq. (6) can be determined. This has been
done for NTO/50-50 in Fig. 4. The band represents all pos-
sible solutions for (r/c*)mix and Em lying between MR = 0.1
and MR = 100 for a constant overall MR of 1.6. The dashed
line represents the average or mean line through the band.
It is obvious from this plot that no unique or even narrow
band of possible solutions exist between Em and (?7c*)miX for
the selected range in MR, but increasing the number of
stream tubes and restricting the solutions to correspond to
distributions from specific injectors considerably narrows this
band.

Experimental data were utilized to determine if sprays
produced by injectors would result in distributions in a narrow
band around the mean line determined from the two-tube
model. The mean lines for MR's of 1.0 and 2.0 utilizing
NTO/50-50 propellants are superimposed on actual measured
spray distribution data in Fig. 5, obtained utilizing several
impinging stream injectors. Note that, over the range of Em
from about 50 to 95%, the data fall very close (±1.5%) to
the analytically determined mean value line. Identical
results have also been obtained for FLOX/CKU/ethane pro-
pellants at MR = 5.33. These results also are presented in
Fig. 5. Note that the data agree to within ±1.0% with the
analytically determined mean line. Due to the excellent
agreement found, the curves of the type shown in Fig. 5 can
now be used to determine the influence of spray quality on
performance for differing propellant combi nations.

Comparison for Several Propellant Combinations
The model just described was used to generate predictions

of Em effects on (>?c*)mix for four propellant combinations' giv-
ing the mean line results plotted in Fig. 6. Note that 02/H2
is least affected by nonuniformities in mixing, while the
FLOX/CH4 plus ethane propellant are most sensitive. The
NTO/50-50 propellant combination is close to the 02/H2 curve.
The deviations in 77c* for a given Em is due to the shape of
the c* vs MR curve for each propellant.

Conclusions
A rather simple relationship between mixing uniformity Em

and mixing-limited c* efficiency (r;c*)mix can be used to pre-
dict actual c* mixing-limited performance. This relationship
allows a prediction of the sensitivity to mixing of any propel-
lant combination on ryc* to be analytically determined.
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Rarefied Regime
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Nomenclature
= cross-sectional area
= enthalpy and total enthalpy, respectively
= coefficient of thermal conductivity
= length of nozzle
= mass flow rate and dimensionless values
= molecular flow rate and dimensionless value [Eq. (19)]
= number of points in grid station

Knudsen number and function of Kn, respectively
Prandtl and Reynolds numbers
pressure
heat flux
gas constant
radius coordinate in spherical coordinates, Fig. 1
temperature and time, respectively
dimensionless velocity and slip velocity, respectively
velocity when subscripted, otherwise dimensionless
mean molecular velocity
nozzle longitudinal coordinate
integral limit, [Eq. (18)]
ratio of specific heats
molecular density and mean free path, respectively
angle coordinate

dm = nozzle half angle
fjL,p = viscosity and density, respectively
T = shear stress
4> = angle coordinate

Subscripts
e,i = nozzle exit and entrance, respectively
m,n = grid coordinate integers
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Introduction

^PACECRAFT and various industrial processes involve
^ high vacuum flows and require rarefied flow solutions.
This Note is concerned with the flow of a perfect monatomic
gas in a converging nozzle with consideration given to the
near-continuum, transition, and near-free-molecular regimes.
The continuum analysis includes the effect of slip velocity at
the nozzle wall, and the solution is obtained by use of finite-
difference methods. The diffusion analysis includes the ef-
fects of intermolecular collisions. The diffusion flow compo-
nent is obtained by summing the number of molecules which
cross the nozzle exit plane.

Rarefied flow has been studied for constant-area passages.1'2
Sparrow and Johnson3 investigated free molecular flow in a
conical nozzle by analogy to radiant heat transfer. Milli-
gan4 formulated a finite-difference approximation to flow in a
converging nozzle but was unable to obtain extensive results
due to limitations in computer facilities. Williams5 obtained a
similar solution for flow in a converging nozzle with velocity
slip and temperature jump. Rae6 treated slightly rarefied
flow in a converging-diverging nozzle using a finite-difference
method.

Continuum Equations

The basic conservation equations (mass, momentum, and
energy) are valid for all three regimes. However, before they
can be solved, something must be assumed about the repre-
sentation for the stresses and the heat flux. The traditionally
used assumptions are Stokes' law of friction and Fourier's
law of heat transfer. Substituting these relationships into
the conservation equations gives the Navier-Stokes (N-S)
equations.

The problem is cast in spherical coordinates. The flow is
assumed to be axisymmetric and steady, and the nozzle wall
angle is assumed small. With these assumptions and those
of a perfect gas, the N-S equations for conservation of mo-
mentum and energy, together with the equation expressing
the continuity of mass

= 0 (1)
and the equation of state

P = (2)
are sufficient to describe the flowfield in the nozzle.

Solution of the full N-S equations would be a formidable
task. However, an order-of-magnitude analysis may indi-
cate some terms that can be eliminated. We considered chan-
nels that are slender, rBm/L «: 1 and nondimensionalized p, p,
and vr with respect to mean centerline values, r with respect to
L, 6 with respect to 6m, and h with respect to vr*. Substitution
of these new variables into Eq. (1) will indicate that ve should
be nondimensionalized with respect to 6mvr. At low p the
viscous forces may become the same order of magnitude as the
inertial forces. Equating these forces will indicate that ju
should be nondimensionalized with respect to pvrr2/L.

Substituting the nondimensional variables, the momentum
and energy equations become

(1/r) (dP/d0) = 0 (3a)
dvr . ve dvr\ dp ju dvry'^ + 7d0j = ~^ + ^a0

tv (3b)

dp
'

1 5 bh

Fig. 1 Finite-difference grid.

after returning to dimensional variables. These equations are
in a form similar to the slender channel equations.7 From the
order-of-magnitude analysis it was determined that p is a
function of r only. To find a relationship for this observation,
consider the surface integral for the mass flux through a sur-
face of constant radius. The VQ component of velocity will
not enter into integration since it is tangent to the surface.
Thus, m = fApVrdA. Substituting the small angle expression
for dA and using the perfect gas equation, we obtain

Near-Continuum Solution

The continuum solution is extended to low Reynolds num-
bers, by applying slip boundary conditions. At low Re the
viscous forces will become comparable to the inertial forces.
It may be assumed, then, that the flow is fully viscous.
Thus, Eqs. (1-5) must be solved across the entire nozzle cross
section.

Equations (3) and (4) will be placed in finite-difference form
for the solution of the vr and h profiles. The variables will be
nondimensionalized as follows: p' = p/po, p' = P/PQ, rf =
r/r*, 0' = 1 - 0/0™, u = 2vr/(ho)112, v = -2ve/em(h0)ll2

)
h' = h/ho, and /*' = JU/JUQ. For our thermally perfect gas,
p' = (h1)112. Substitution of these variables into Eqs. (3)
and (4), expanding the partial derivatives, and assuming
Pr to be constant gives

/ d^ , _v_ du 4(7 — 1) dp'

i r i &&' / j_ <>u'
Redm[_2r'(h')«*<)8' \r' b0' c>0/2

(h')112 *u 1
r /2(l - 0;) d0; J

u(y -

RePrBm

J_ /_!_ W> ,
+

r'2(l - 00 d0~'J if^) (7)

where Re =
Crank-Nicolson differences were chosen for approximating

the partial derivatives in Eqs. (6) and (7) because of their
superiority with respect to stability and convergence.8-9 The
difference grid is shown in Fig. 1. Substitution of the finite-
difference approximations into Eqs. (6) and (7) gives equa-
tions of the form

AnUm+l,n-l + BnUm+l,n

Enh'm+l,n = Gn (8)

These equations give 2N — 4 equations in 2N unknowns
since from symmetry only half of the flowfield need be con-
sidered. The other four equations were determined from the
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Fig. 2 Diffusion flow geometry.

boundary conditions. The boundary conditions at the center-
line are given as

= 0 j 1 <>hand = o (9)

The form of the slip velocity for flow over a flat plate is
us = \(du/dy)y=4, where y is the distance normal to the plate
and the momentum accomodation coefficient has been as-
sumed to be unity, a good assumption for unpolished metals.10

This model has given good results for slightly rarefied flow.11

Weber1 has modified it and obtained good results for the en-
tire flow regime in a tube. He examined the results of re-
search by Stokes for slowly moving spheres and developed an
equation for curved surfaces. Moreover, not all of the mole-
cules at a given instant are experiencing the viscous effects of
the flow; i.e., molecules emitted from the wall are not ab-
sorbed into the viscous stream until they have traveled an
average of one mean free path. To account for this effect a
correction factor,1'12 the ratio of the number of molecular
collisions with the wall to the molecule-molecule collisions
plus the molecule-wall collisions, is applied. The resulting
equation for the slip velocity is

us = K/ 50' (10)

where Kw' = Kn(l + ie-2^/x»)/(i + Jxw/f').
The wall boundary condition for enthalpy must satisfy the

assumption of adiabatic flow. An energy balance on a dif-
ferential volume in the flow yields

d , , N I d , N I d
^- (pvrht) + — ̂  (pveht) = — — ( — QO + rvr) (11)or r 50 r dd

Integrating over the nozzle half section and substituting
Fourier's law of heat conduction and Newton's law of vis-
cosity gives

0 (12)

I.Oi

Fig. 3 Typical density
distribution
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Fig. 4 Theory and experiment in the near-continuum and
transition regimes.

Substituting Eq. (10) and the nondimensional variables,
Eq. (12) becomes

_L
r'

Pr

(13)

Eqs. (13, 10, and 9), when put in finite-difference form, com-
plete our set of 2N equations in 2N unknowns expressing vr
and h at n + 1 in terms of values at n.

Method of solution

The simplified N-S equations [Eq. (8)] are of tridiagonal
form. They may be solved by a method first used by Flugge-
Lotz and Blottner13 and detailed for this case in Ref. 14.
Then by trapezoidal integration of Eq. (5) we determine

(14)

where m = m/r*20TO
2p0(Ao)1/2, and p can then be determined

from p = p/RgT. We determine ve from the trapezoidal in-
tegration of Eq. (1) as

' P'd - «')
All the necessary calculations may now be made for deter-

mining the variables at m + 1 except for dp/dr. Since

0.001

Fig. 5 Theory and experiment in the near-free-molecular
regime.
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is the driving force in the flow, the rest of the solution
should be determined by it instead of vice versa. We evalu-
ated it from

m+l dr m+l/2
(16)

and from Eq. (14) by iterating on dp/dr until Eqs. (14) and
(16) yielded the same value. The nozzle inlet conditions were
obtained from an asymptotic solution6 for flow in a cone far
from the apex, and the solution is "Marched" downstream to
the nozzle exit.

Self-Diffusion Formulation

It is necessary to determine the diffusion component which,
when added to the continuum-with-slip solution, will yield
the total molecular flow. The method of counting the mole-
cules that cross a plane, which has been used successfully for
constant-area flow passages,1 is used here. It is assumed
that the velocity distribution is locally Maxwellian, T is
constant, and X is constant at some mean value for any given
flow conditions. Consider an elemental area in the entrance
plane dSf (Fig. 2). The number of molecules which leave dS'
and arrive at dS is

dN = sin0 (17)
Similar expressions may be written for the flux from the
nozzle wall and the flux originating from intermolecular col-
lisions.

A linear density distribution is assumed (Fig. 3) and the in-
tegrals are formulated to obtain the diffusive flow through
the exit plane in the downstream direction. The total mo-
lecular flow is then given by the difference between that in the
downstream direction and that from the downstream volume,
r)eVAe/4:. The continuum solution indicated that most of the
density drop in the nozzle occurs within a distance r* of the
exit plane. The effective length of the nozzle for this analysis
is taken to be r* (Fig. 3) instead of L. All lengths are sub-
sequently nondimensionalized with respect to r*, and the ex-
pression for the diffusive flow becomes

f *° f * f "
J 0 •/ 0 J 0

C*»C* C*/

J 0 •/ 0 J /3
' (18)

where Ei = r»/r*, Re = re/r*, and R = (distance to nozzle
wall)/r*, for a given 6, <£, and R.' (Fig. 3). The limit ft is the
value of 6 at which the intersection of the entrance plane and
the wall occurs. The flow parameter N is given as

N = N/\Vr**(dn/dz) (19)

The integrations in Eq. (18) were performed numerically.14

Comparison of Theory and Experiment

Experiments were conducted on a convergent nozzle with
dm = 10.33°, L = 1.2 in., and exit plane radius of 0.071 in.
The data obtained were m, pQ, and the pressure in the chamber
where the nozzle discharged, p^ For details on the experi-
ments, consult Refs. 14 and 15.

Fig. 3 shows both the linear density distribution assumed
for the self-diffusion analysis and the true density distribution
from the continuum-with-slip solution. The latter solution
also indicated that the density is approximately constant in
any plane normal to the nozzle axis as was assumed in the
diffusion analysis.

Results for the near continuum regime are shown by the
upper portion in Fig. 4. The flows represented are for
0.0025 < Kn < 0.005. The diffusion flow component was
negligible for this case, and the theoretical results represent
the continuum-with-slip solution only. The correlation is
good below a pressure drop of 1000 pHg. The larger devia-

tions at higher values may be due to the fact that p2 was not
measured in the nozzle exit. Thus, as the nozzle approaches
a choking condition, the measured pz is less than the actual
exit plane pressure pe.

The theoretical solution indicates that the nozzle will
choke at the isentropic critical pressure drop Apcr. When
m > mcr appears in the theoretical solution, dp/dr in the
vicinity of the nozzle exit becomes infinite and no pressure
can be found to satisfy the solution in the exit plane. The ra
just below which this occurs is mcr. The nozzle may actually
choke at Apcr even though the experimental data does not
indicate this. Again, the fact that p2, not pe) is measured may
account for this apparent discrepancy.

The lower case in Fig. 4, p0 = 700 p,Hg, is well within the
transition regime and has Kn ~0.02. The theoretical solu-
tion indicates this in that the slip velocity is as much as 50%
of the centerline velocity at the maximum m. However, the
diffusion is again negligible compared to the continuum-slip
flow. The maximum difference between theory and experi-
ment is ^15%. The theoretical solution has the transition
flow characteristic in that it overshoots the maximum isen-
tropic Ap by about 60 nHg.

Fig. 5 gives the results in the near-free-molecular regime.
In this regime the diffusion flow component becomes a sig-
nificant portion of the total flow. It varies from less than 10%
of the total flow at Kn = 0.1 to more than 90% at Kn = 10.

In closing, the theoretical results indicate that the con-
tinuum equations with slip correction may be extended well
beyond the continuum limit and when combined with a self-
diffusion analysis will yield good results over the entire flow
regime.
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